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Most quantum system with short-ranged interations show a fast deay of entanglement with the
distane. In this Letter, we fous on the peuliarity of some systems to distribute entanglement
between distant parties. Even in realisti models, like the spin-1 Heisenberg hain, sizable entan-
glement is present between arbitrarily distant partiles. We show that long-distane entanglement
appears for values of the mirosopi parameters whih do not oinide with known quantum ritial
points, hene signaling a transition deteted only by genuine quantum orrelations.
PACS numbers: 03.67.Mn, 75.10.Pq, 05.70.Jk
Entanglement generation and distribution is a prob-
lem of entral importane in performing quantum infor-
mation (QI) tasks, like teleportation [1℄ and quantum
ryptography [2℄. Typially, the entanglement between
parties is reated by means of a diret interation. Sine
entanglement needs the presene of strong orrelations,
low dimensional systems, as for example antiferromag-
neti spin hains, oer a natural soure of entanglement.
In most systems with short-range interations, the entan-
glement between a pair of partiles deays rapidly with
the distane (generally even more rapidly than standard
orrelations). For example, in the Ising model with trans-
verse eld [3, 4℄ the onurrene vanishes for distanes
larger than two sites, while in the Heisenberg model [5, 6℄
it is restrited only to nearest neighbors.
From the QI perspetive, it would be attrating to re-
ate sizable entanglement between partiles that are lo-
ated at a distane larger than a few sites. Along this di-
retion, the loalizable entanglement (LE) was oneived
with the idea of exploiting spin hains as quantum han-
nels [7, 8℄. The LE measures the average entanglement
loalized between a ouple of distant points, after per-
forming optimal loal measurements onto the rest.
In the present Letter, we show that already the ground
state (GS) of various models widely used in ondensed
matter physis oer the possibility to entangle parties
that are arbitrarily far apart. This fat, naturally leads
to the onept of long distane entanglement (LDE) as
a sort of quantum order parameter. As disussed in the
following, the onset of LDE does not oinide with known
quantum phase transitions (QPT's) of the systems we
have examined.
Let us onsider two sites A and B that interat with a
many-body system C. The distane d between A and B
is set by the individual short-ranged interations in the
subsystem C (see gure below).
C
BA d
Aording to our denition, given a bipartite measure
of entanglement E(ρ), we have LDE if
Ed (ρAB)
d→∞−→ E∞ 6= 0
where ρ
AB
= Tr
C
|Ψ〉 〈Ψ| is the redued density matrix
of the subsystem A and B, and |Ψ〉 is the total wavefun-
tion. The introdution of two speial points, or probes,
is essential here sine the property of monogamy [9℄ lim-
its to two the number of partiles maximally entangled.
The basi idea omes from the observation that if we
wish to loate a great amount of entanglement between
two seleted qubits, we are fored to exlude entangle-
ment with the rest. Speially, we have onsidered ases
where A and B represent end spins in an open hain or
additional spins (probes) that interat with seleted sites
in the hain. In ondensed matter systems, these might
be impurities, defets or even sattering partiles [10℄.
As a rst riterion, we expet to have a nonvanish-
ing LDE between A and B when their interations with
C are small ompared to the typial interations on-
tained in C. Otherwise, A or B would develop too strong
orrelations with the losest degrees of freedom in C, ex-
luding the possibility to form LDE. On the other side,
strong orrelations among the partiles in C will tend
to avoid entanglement between C and the probes. In
this sense, strongly orrelated quantum systems, like an-
tiferromagneti spin systems, are good andidates to do
the job. In partiular, spin-1/2 antiferromagneti sys-
tems admit a simple piture based on resonating valene
bonds (RVB) [11℄. If a state is a total spin singlet, then it
may be approximated by all the possible RVB ongura-
tions, eah one with a given weight. Resonanes between
various ongurations destroy entanglement. The vari-
ational idea for favoring a singlet between two seleted
sites (A and B) is to indue a large weight for all the
RVB ongurations that link pair of partiles inside C
by inreasing here the interations.
In the following, we will present some mehanisms able
to produe LDE in spin-1/2 and spin-1 hains.
2The dimerized-frustrated model. In the S = 1/2 an-
tiferromagneti isotropi Heisenberg hain, eah spin is
highly entangled with its nearest-neighbors [12℄. Instead
we onsider here the dimerized hain with frustration,
well-known for its onnetions with spin-Peierls [13℄ and
ladder ompounds, whose Hamiltonian is
H =
L−1∑
j=1
[
1 + δ(−1)j] ~σj · ~σj+1 + α
L−2∑
j=1
~σj · ~σj+2 (1)
where σν , ν = x, y, z are Pauli matries. For δ = 0
the system is gapless up to αc ≈ 0.241, where the GS
spontaneously dimerizes and beomes doubly degenerate.
In the Majumdar-Ghosh line δ + 2α = 1 the system is
made only by short-ranged singlets.
We hoose L even and open boundary onditions
(OBC), with the aim to study the entanglement between
the two spin-1/2 at the end points. First, let us look
at two limit ases. For δ = −1 and α = 0 the GS is
dimerized onto the odd bonds,
where the entanglement is loalized in pairs of nearest-
neighbors. More interesting for us is the ase δ = 1 and
α = 0, where two spins are left alone as in the following
gure
and the GS is fourfold degenerate. The basi idea for
onentrating a large amount of entanglement between
end spins (A and B) is related to their tendeny to
form a global singlet in the GS for any δ 6= 1. Hene
the two end states are fored to develop strong orre-
lations towards the formation of a long-distane singlet
state |Ψ−〉 ≡ (|↑↓〉 − |↓↑〉) /√2. This phenomenon an be
thought of as a long range antiferromagneti interation
mediated by the other spins in the hain. Aordingly,
the states in Stot = 1 form a triplet of exitations.
As a measure of entanglement, we adopt the onur-
rene [14℄. Given the SU(2) invariane of the GS, the
spin-spin orrelations γννij ≡
〈
σνi σ
ν
j
〉
/4 are the same
for every ν. In addition, the magnetization is zero, so
that the onurrene between A and B redues simply to
C
AB
= 2max {0, 2 |γzz
AB
| − γzz
AB
− 1/4}. The onurrene
is nonzero if the antiferromagneti orrelations between
A and B are suiently strong: γzz
AB
< −1/12.
First, we have performed some numerial evaluations
on the GS using the density matrix renormalization
group (DMRG) method [15℄. The end-to-end onur-
rene C
AB
is plotted in Fig. 1 as a funtion of the system
size L for several values of δ and α. The numerial data
put in evidene the presene of LDE as well as the rapid
ahievement of the asymptoti value. This latter fea-
ture is onsistent with the small orrelation length in the
regime δ & 0.10 (see e.g. [13℄) and allows us to study
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Figure 1: The nite size study on the onurrene shows the
presene of LDE in model (1) for δ > δT (α). Data were
obtained keeping 256 DMRG states, with a trunation error
smaller than 10−10.
shorter hains by means of an exat diagonalization pro-
gram based on the Lanzos method.
The numerial results summarized in Fig. 2 shows that
the end-to-end onurrene grows rapidly with δ starting
from a threshold value δT (α). For δ = 0 no LDE is
generated, and this is related to the tendeny of the rst
spin to entangle with the seond, as found in Ref. [16℄.
This is also onsistent with the absene of surfae order
in an open S = 1/2 Heisenberg hain [17℄.
The inlusion of α < 0 tends to favor a lassial Néel
state, so it is expeted to destroy entanglement. On the
ontrary, α > 0 is seen to enhane the end-qubit onur-
rene, as frustration favors quantum utuations. This is
shown in the inset of Fig. 2 where δT (α) dereases with
α, reahing a minimum for α ≈ 0.5. In the limit |α| ≫ 1
the entanglement gets suppressed as the probes belong
to two separated hains. Remarkably, from Figs. 1 and 2
it emerges that the entanglement grows with the system
size L.
Spin-1 Chain. An important lass of spin-1 models
is given by the Heisenberg hain with biquadrati inter-
ations,
H =
L−1∑
i=1
[
~Si · ~Si+1 + β
(
~Si · ~Si+1
)2]
that has attrated muh interest both for the study of
hidden order [18℄ and for optial lattie implementations
[19℄. At the AKLT point β = 1/3, the GS is given by a
valene bond solid (VBS) [18℄, where eah spin 1 is repre-
sented by a ouple of spin 1/2, provided the antisymmet-
ri state is projeted out. The VBS state is onstruted
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Figure 2: Conurrene for the two end-qubit state as a fun-
tion of dimerization δ for some values of α. Exat alulation
on a hain of length L = 24. The LDE inreases steeply above
a threshold and is enhaned by frustration. Inset: threshold
value of dimerization δT (α), above whih end-to-end onur-
rene starts to be nonzero for lengths L = 12, 16, 20. The
rosses are the innite size extrapolations of DMRG data with
L up to 100.
by forming short-ranged singlets between nearest neigh-
bor S = 1/2 states and then symmetrizing loal pairs
to get bak S = 1 states. For OBC there remains free
eetive spin-1/2 partiles at the endpoints responsible
for a fourfold degeneray, in an analogous way as in the
the model (1) with δ = 1 and α = 0. Away from β = 1/3
the degeneray is lifted, the GS is a total singlet Stot = 0
and other valene bond ongurations give ontribution
to the GS. Anyway, the VBS state is still a good ap-
proximation for a wide range of β's, in partiular at the
Heisenberg point β = 0. Due to strong orrelations in
the bulk, the two S = 1/2 end spins tend to organize as
a |Ψ−〉 Bell state, in order to give rise to a total singlet.
Two dierent measures were onsidered to quantify
the entanglement between two spin-1. The VBS pi-
ture suggests the denition of the partial onurrene
(PC) as the amount of entanglement between the spin-
1/2 belonging to dierent spin-1 partiles. One advan-
tage of the PC is that it depends only on the z -z or-
relator: PC
A,B
= 2max {0, 2 |ηzz
AB
| − ηzz
AB
− 1/4}, with
ηzz
AB
= 〈Sz
A
Sz
B
〉/4. The symmetrization proedure dis-
tributes the entanglement among the four qubit, so that
the maximal possible value of the PC is 1/2. However,
the PC may fail in deteting genuine qutrit entangle-
ment, whih is generally hard to quantify. In fat, for
qutrit mixed states there is no simple expression for the
entanglement of formation nor a simple riterion for sep-
arability is known. Nevertheless, for SU(2)-rotationally
invariant states, a neessary and suient ondition for a
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Figure 3: Entangled (white) and separable (shaded) states
of two globally SU(2)-invariant qutrits are ompletely deter-
mined by means of 〈Sz
A
Sz
B
〉 and 〈(Sz
A
)2 (Sz
B
)2〉.
state to be entangled is that of having positive negativity
[20℄, dened as
N (ρ
AB
) =
∥∥∥ρTA
AB
∥∥∥
1
− 1,
where ρTA
AB
stands for the partial transpose with re-
spet to subsystem A and ‖G‖
1
= tr
√
GG†. Cal-
ulating the negativity of a general SU(2)-invariant
state, parametrized by the quantities 〈Sz
A
Sz
B
〉 and
〈(Sz
A
)
2
(Sz
B
)
2〉, we are able to reognize the separable
states. All the possible states fall inside the triangle in
Fig. 3, whereas the shaded area represents the separable
states.
In the AKLT ase β = 1/3, we hoose the singlet
among the four degenerate states, beause this is the
state one would approah by letting β → 1/3 and or-
responds to the GS of the periodi hain. From the
exat solution, one nds 〈Sz1SzL〉 = −〈(Sz1 )2 (SzL)2〉 ≃
−4/9
[
1 + 6 (−1)L e−L/ξAKLT
]
, where ξ
AKLT
= 1/ ln (3)
is the bulk AKLT orrelation length. It follows that in
the thermodynami limit PC = 1/6 and N = 2/9, where
both values are approahed exponentially fast. This on-
rms the hypothesis that we have qubit as well as qutrit
entanglement.
At the Heisenberg point β = 0 with OBC it is well es-
tablished the presene of surfae order limL→∞〈Sz1SzL〉 =
−0.28306484(1) [21℄ approahed also in this ase expo-
nentially fast with a bulk orrelation length ξH ∼ 6.
With aurate DMRG simulation up to 100 sites we
ould establish a similar behavior for the orrelations
〈(Sz1 )2 (SzL)2〉 with asymptoti value very lose to 4/9.
These data imply the existene of LDE in the Heisenberg
model deteted by a nonzero negativity N = 0.0608426,
even if qubit entanglement vanishes, i.e. PC = 0. We note
here that both the Heisenberg (H) and the AKLT points
(see Fig. 3) lie on the line where 〈(Sz1 )2 (SzL)2〉 L→∞−→
〈(Sz1 )2〉〈(SzL)2〉 = 4/9, whih means that the nonzero
spins (eetive harges) are unorrelated. Further en-
hanement of the LDE may be ahieved in spin-1 models
that present also end-to-end harge orrelations.
4S = 1/2 Heisenberg model with probes. So far, we
have onsidered situations where the probes are loated
at the end points of a hain. Now we onsider a dierent
ase: a Heisenberg hain of length L and two additional
S = 1/2 probes ~τ
A
and ~τ
B
H =
L∑
j=1
~σj · ~σj+1 + Jp (~σ1 · ~τA + ~σd+1 · ~τB)
where ~τ is a vetor of Pauli matries. The spin-probe A
interats with the site 1, while B is onneted to the site
d + 1. The orrelations between A and B will depend
only by their distane d + 2, having assumed periodi
boundary onditions (PBC) with σαL+1 ≡ σα1 .
By means of exat diagonalization, we have studied
the onurrene C
AB
(d), varying the distane at xed L.
The results are illustrated in Fig. 4 for a losed hain of
L = 26 (plus 2 probes). We have rejeted even values
of d, as in these ases the GS is threefold degenerate,
belonging to the setor Stot = 1. Moreover, due to the
PBC's the maximum distane is reahed at half hain,
d = 13. When Jp = 1, no probe entanglement is found,
sine C
AB
(d) = 0 for every d. As we expeted aording
to our onsiderations above, C
AB
is enhaned by weak-
ening the interations between the probes and the spin
hain. Already for Jp = 0.3, the entanglement is nonzero
for every (odd) value of d and remarkably at Jp = 0.1 the
probes are almost ompletely entangled. Finite size sal-
ing of the onurrene between maximally distant probes,
C
AB
(d = L/2, L) exhibits a slow derease of the onur-
rene with L and it remains an open question whether it
survives at the thermodynami limit.
In addition, we just mention that hanging the sign
of the probe interations to ferromagneti, Jp < 0, the
onurrene inreases further, extending the possibility
of tailoring interations that yield eient entanglement
reation at large distane. A similar behavior is observed
by plaing the probes at the ends of an open hain. As
above, the nite-size eets are non-negligible due to the
ritial nature of the bulk. Preliminary DMRG alula-
tions with L up to 100 leave open the possibility of having
LDE for ferromagneti probe interations.
Conlusions. With this Letter, we aim to bring to
the attention of the QI ommunity a large lass of spin-
1/2 and spin-1 models apable of reating entanglement
between distant parties. On the one hand, this property
opens up the possibility to engineer QI devies like en-
tanglers and quantum hannels using strongly orrelated
low-dimensional systems. In partiular, the phenomenon
of onentrating the entanglement on the border of nite-
size system seems to be partiularly suited for optial lat-
tie simulations. On the other hand, we observe that the
transition point where genuinely quantum orrelations,
signaled by the onurrene, extend to long distane does
not oinide with known QPT's. How this issue embod-
ies in the statistial mehanis framework is a halleng-
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Figure 4: Conurrene between probes attahed to a Heisen-
berg hain of length L = 26 as a funtion of the distane. The
alulation was done for various values of Jp. A dramati in-
rease of entanglement between distant probes appears as Jp
is lowered.
ing question. Conversely, loal measures of entanglement
show a singular behavior at QPT's that omes from the
most relevant operator [22℄. Speially, in this work
we have onsidered models with SU(2) symmetry, whih
is ommon in nature and help to make the alulations
easier. Nonetheless, we veried that the results regarding
LDE apply also to non SU(2)-symmetri ases. Further
work is in progress in order to extend the investigation
of LDE on other models, inluding eletroni systems.
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